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The gravitational lensing effects in the weak gravitational field by exotic lenses have been inves-
tigated intensively to find nonluminous exotic objects. Gravitational lensing based on 1/rn fall-off
metric, as a one-parameter model that can treat by hand both the Schwarzschild lens (n=1) and the
Ellis wormhole (n=2) in the weak field, has been recently studied. Only for n = 1 case, however,
it has been explicitly shown that effects of relativistic lens images by the strong field on the light
curve can be neglected. We discuss whether relativistic images by the strong field can be neglected
for n > 1 in the Tangherlini spacetime which is one of the simplest models for our purpose. We
calculate the divergent part of the deflection angle for arbitrary n and the regular part for n = 1,
2 and 4 in the strong field limit, the deflection angle for arbitrary n under the weak gravitational
approximation. We also compare the radius of the Einstein ring with the radii of the relativistic
Einstein rings for arbitrary n. We conclude that the images in the strong gravitational field have
little effect on the total light curve and that the time-symmetric demagnification parts in the light
curve will appear even after taking account of the images in the strong gravitational field for n > 1.
I. INTRODUCTION
Gravitational lensing is useful to survey nonluminous
objects for example extrasolar planets and dark matters
(see [1–7] for the details of the gravitational lensing and
references therein). The gravitational lensing effects of
the Schwarzschild lens in the weak gravitational field
have been investigated for a hundred years.
Exotic objects such as wormholes, cosmic strings also
cause gravitational lensing effects. The gravitational
lenses in wormhole spacetimes were pioneered by Kim
and Cho [8] and Cramer et al. [9] and then the gravi-
tational lensing effects in various wormhole spacetimes
have been investigated [10–18] (See Visser [19] for the
detail of wormholes).
The Ellis wormhole [20, 21] is the simplest and earliest
wormhole of the Morris-Thorne class [22, 23]. Recently,
Bronnikov et al. have shown that the Ellis wormhole
metric supported by a perfect fluid with negative den-
sity and a source-free radial electric or magnetic field is
linearly stable under the spherically symmetric perturba-
tions and axial perturbations [24] while the Ellis worm-
hole with the same metric supported by a phantom scalar
field is unstable [25–30]. The former is the first exam-
ple of a stable wormhole which is not supported by thin
shells in general relativity. The gravitational lensing in
the Ellis wormhole spacetime has been investigated inten-
sively [10, 12, 17, 31–41] because of its simplicity and its
features which are caused by the gravitational potential
which decreases as the inverse square of a radial coordi-
nate r under the weak-field approximation. Abe found
numerically that the light curves of the microlensing by
the Ellis wormhole show the time-symmetric demagni-
fication under the weak-field approximation [37]. This
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means that the theorem that total magnification is al-
ways larger than the unity is true for mass lenses with
the gravitational potential which has the form of 1/r but
it is not true for exotic lens objects with the gravitational
potential which has the form of 1/r2 under the weak-field
approximation.
Gravitational lensing based on 1/rn fall-off metric, as
a one-parameter model that can treat by hand both
the Schwarzschild lens (n = 1) and the Ellis worm-
hole (n = 2) in the weak field, has been recently stud-
ied [34, 42–45]. In particular, Kitamura et al. showed
that the demagnification of the light curves appears in
the case n > 1 [42]. This implies that the surveys of mi-
crolensing events are a good way to search exotic objects
including the Ellis wormhole in our Galaxy and so on.
However, these studies concentrate on the weak gravi-
tational field and do not cover the gravitational lensing
effects in the strong gravitational field.
The timelike and null geodesics in the Schwarzschild
spacetime were studied by Hagihara [46] and Darwin [47,
48]. Darwin pointed out the existence of the relativistic
images which are a series of faint images lying just out-
side the photon sphere [47] in the Schwarzschild space-
time. A countably infinite number of relativistic images
are formed in a spherically symmetric static spacetime,
if the radius of the lens object is smaller than a photon
sphere (= 3rg/2, where rg is the radius of the event hori-
zon in the Schwarzschild spacetime) [41, 49, 50]. The
gravitational lensing in the strong gravitational field by
various black holes and wormholes has been investigated
intensively in the recent decade (see [51–56] and refer-
ences therein). In a series of the papers on the relativis-
tic images, the observables for the suppermassive object
at the center of our Galaxy with instruments which can
measure the relativistic images are discussed intensively.
The Tangherlini solution is an exact solution of the
Einstein equation in every dimension, where the solution
2is spherically symmetric, static and asymptotically flat.
Here, as a generalization of the Einstein-Hilbert action to
every dimension, the action for gravity is assumed to be
the Ricci scalar even in d 6= 4 dimensions for its simplic-
ity, though the physics behind this assumption in higher
dimensions is not clear. Then, the variation of the grav-
ity action with respect to the metric provides the vacuum
field equation as ”Ricci = 0”. It follows that the Tangher-
lini solution recovers the Schwarzschild solution in four
dimensions.
An exact form of the metric with 1/rn in the weak field
limit would enable us to investigate such exotic lenses
not only in the weak field but also in the strong field.
Only for n = 1 case, it has been explicitly shown that
effects of relativistic lens images by the strong field on
light curves can be neglected [57]. For n > 1, this issue
has not been addressed yet. Therefore, the main purpose
of the present paper is to discuss whether relativistic im-
ages by the strong field can be neglected for n > 1. It
is likely that a spacetime geometry with 1/rn fall-off in
the weak field is not unique but has many variants. The
Tangherlini solution is one of the simplest models for our
purpose. For recent investigations of exotic gravitational
lenses, therefore, it would be of physical interest to ex-
amine the Tangherlini lens both in the weak field and in
the strong one.
The gravitational lens in the strong field limit is related
to the other phenomena such as the quasinormal modes of
a black hole [58, 59] and the high-energy absorption cross
section [60] which are caused by the nature of the null
geodesic near the photon sphere. Thus, the investiga-
tion of gravitational lensing effects of the all-dimensional
black hole in the strong field limit would give us a new
perspective on the all-dimensional black hole.
This paper is organized as follows. In Sec. II, we review
the null geodesic in the Tangherlini spacetime and inves-
tigate the deflection angle of light. In Secs. III and IV,
we will investigate the deflection angles in the weak field
approximation and in the strong field limit. In Sec. V,
we study the gravitational lens effects in the strong field
limit in the Tangherlini spacetime. In Sec. VI, we sum-
marize our results. In this paper we use the units in which
the light speed c = 1 and Newton’s constant G = 1.
II. DEFLECTION ANGLE OF LIGHT IN
TANGHERLINI SPACETIME
The line element of the Tangherlini spacetime is given
by [61]
ds2 = −
[
1−
(rg
r
)d−3]
dt2
+
dr2
1− ( rgr )d−3 + r
2dσ2d−2, (2.1)
where rg is the event horizon radius and dσ
2
d−2 is the line
element on the unit (d− 2)-sphere which is given by
dσ2d−2 = dθ
2
1 +
d−3∑
j=2
j−1∏
i=1
sin2 θidθ
2
j +
d−3∏
i=1
sin2 θidφ
2,(2.2)
where θi ∈ [0, pi] and φ ∈ [0, 2pi] are angles on the (d−2)-
sphere and the integer i runs from 1 into d−3. The event
horizon radius rg is given by
rg =
16piM
(d− 2)Ad−2 , (2.3)
where M is the mass and Ad−2 is the area of the unit
(d− 2)-sphere which is given by
Ad−2 =
2pi
d−1
2
Γ
(
d−1
2
) . (2.4)
Because of the stationarity and axisymmetry, we can
define the conserved energy of a photon as E ≡ −gµνtµkν
and the conserved angular momentum of a photon as L ≡
gµνφ
µkν , respectively. Here, tµ∂µ = ∂t, φ
µ∂µ = ∂φ and
kµ correspond to the time translational Killing vector,
the axial Killing vector and the photon wave number,
respectively. We assume that the conserved energy E is
positive.
For its simplicity, we can set sin θi = 1 and consider
the induced line element
ds2 = −
[
1−
(rg
r
)n]
dt2 +
dr2
1− ( rgr )n + r
2dφ2,(2.5)
where n ≡ d − 3. Note that our four-dimensional world
may be off-center in the Tangherlini solution. However,
it is unlikely that such an off-center configuration is sta-
ble. Therefore, we consider a four-dimensional section
through the center of the solution. From kµkµ = 0, the
equation of the photon trajectory is obtained as(
dr
dφ
)2
= r4G(r, b), (2.6)
where
G(r, b) ≡ 1
b2
− 1
r2
+
rng
rn+2
, (2.7)
and b ≡ L/E is the impact parameter of the photon. We
can concentrate ourselves on L > 0 and b > 0 because of
spherical symmetry.
The equation G(r, b) = 0 has two positive solutions,
one positive solution, and no positive solution for b > bc,
b = bc and b < bc, respectively, where
bc ≡
(
n+ 2
n
) 1
2
(
n+ 2
2
) 1
n
rg, (2.8)
is the critical impact parameter. From Eqs. (2.6) and
(2.7), we can see that the photon is scattered if b > bc
while it reaches the event horizon r = rg if b < bc
3We will assume bc < b in what follows since we are
interested in the scattering problem. In this case, the
larger positive solution r0 of the equation G(r, b) = 0 is
the closest distance of the photon. From G(r0, b) = 0, the
relation between the impact parameter b and the closest
distance r0 is given by
1
b2
=
1
r20
[
1−
(
rg
r0
)n]
. (2.9)
The derivative of G(r, b) with respect to r is given by
∂G(r, b)
∂r
=
2
r3
− (n+ 2) r
n
g
rn+3
. (2.10)
From ∂G(r, b)/∂r = 0, the radius of the photon sphere
rm is obtained as
rm =
(
n+ 2
2
) 1
n
rg. (2.11)
The deflection angle α is given by
α = I(b)− pi, (2.12)
where
I(b) ≡ 2
∫ ∞
r0
dr
r2
√
G(r, b)
. (2.13)
III. DEFLECTION ANGLE OF LIGHT IN
WEAK FIELD APPROXIMATION
In this section, we will calculate the deflection angle
in the Tangherlini spacetime in weak field approximation
by Keeton and Petters’ method [62]. Under the weak
field approximation, the closest distance r0 is much big-
ger than the radius of the photon sphere rm. We intro-
duce a small parameter h which is defined by
h ≡
(
rg
r0
)n
≪
(
rg
rm
)n
=
2
n+ 2
. (3.1)
The relation between the impact parameter b and the
closest distance r0 (2.9) is expressed by(r0
b
)2
= 1− h. (3.2)
Thus, the small amount h is expressed by
h =
(rg
b
)n
+O(h2). (3.3)
Using x ≡ r0/r, the deflection angle α is rewritten as
α = 2
∫ 1
0
dx√
1− x2
√
1− hf(x) − pi, (3.4)
where
f(x) ≡ 1− x
n+2
1− x2 =
1 + x+ x2 + · · ·+ xn+1
1 + x
. (3.5)
The function f(x) is monotonically increasing with re-
spect to x and changes from 1 to (n+2)/2 as x increases
from 0 to 1. Note that hf(x) is much smaller than the
unity since hf(x)≪ (rg/rm)n f(1) = 1.
The Taylor series of (1 − hf(x))− 12 with respect to
hf(x) is obtained as
(1− hf(x))− 12 = 1 + 1
2
hf(x) +O(h2). (3.6)
Therefore, the deflection angle is given by
α = 2
∫ 1
0
dx√
1− x2 + h
∫ 1
0
1− xn+2
(1 − x2) 32 dx− pi +O(h
2).
(3.7)
We can easily integrate the first term as
∫ 1
0
dx√
1− x2 = [arcsinx]
1
0 =
pi
2
. (3.8)
Thus, the deflection angle is rewritten as
α = Hn+2h+O(h
2)
= Hn+2
(rg
b
)n
+O
((rg
b
)2n)
, (3.9)
where
Hm ≡
∫ pi
2
0
1− sinm k
cos2 k
dk, (3.10)
where k ≡ arcsinx and m is a positive integer.
A recurrence formula is obtained as
Hn+2 = Hn +Bn, (3.11)
where Bn is
Bn ≡
∫ pi
2
0
sinn kdk =
∫ pi
2
0
cosn kdk
=
√
pi
2
Γ
(
n+1
2
)
Γ
(
n+2
2
)
=
{
(n−1)!!
n!!
pi
2 for an even n,
(n−1)!!
n!! for an odd n.
(3.12)
When n is even, we can put n = 2L, where L is a
positive integer. From H2 = pi/2 and Eqs. (3.11) and
(3.12), we obtain
Hn+2 = H2 +
L∑
m=1
B2m =
pi
2
[
1 +
L∑
m=1
(2m− 1)!!
(2m)!!
]
.(3.13)
Thus, the deflection angle is obtained as
α =
pi
2
[
1 +
L∑
m=1
(2m− 1)!!
(2m)!!
](rg
b
)n
+O
((rg
b
)2n)
.
(3.14)
4When n is odd, we can put n = 2L− 1. From H1 = 1
and Eqs. (3.11) and (3.12), we get
Hn+2 = H1 +
L∑
m=1
B2m−1 = 1 +
L∑
m=1
(2m− 2)!!
(2m− 1)!! . (3.15)
Here we have defined 0!! = 1. Thus, the deflection angle
is given by
α =
[
1 +
L∑
m=1
(2m− 2)!!
(2m− 1)!!
](rg
b
)n
+O
((rg
b
)2n)
.
(3.16)
We can also calculate the deflection angle by the non-
linear terms with respect to h by Keeton and Petters’
method [62]. Our purpose in this paper is to research
the relativistic images by exotic lens objects and the ef-
fect on the total magnification. Note that the first order
term with respect to h in the weak gravitational field is
enough for reaching our purpose.
IV. DEFLECTION ANGLE IN STRONG FIELD
LIMIT
In this section, we will investigate the deflection angle
in the Tangherlini spacetime in the strong field limit. We
will express the deflection angle α in the strong field limit
by
α(b) = −a¯ log
(
b
bc
− 1
)
+ b¯+O
(
(b − bc) 12
)
, (4.1)
or
α(θ) = −a¯ log
(
θDl
bc
− 1
)
+ b¯+O
(
(θDl − bc) 12
)
,(4.2)
where a¯ is a positive parameter, b¯ is a parameter, θ is
the image angle and Dl is the angular diameter distance
between the observer and the lens object. For a small
image angle θ ≪ 1, the impact parameter b is given by [1]
b = θDl. (4.3)
If we get the explicit expression for the deflection angle
in the strong field limit, we can calculate a countably
infinite number of relativistic image angles denoted by
θN and the corresponding magnifications µN individu-
ally [49].
We show the explicit expression for the divergent part
of the deflection angle in the all-dimensional Tangherlini
spacetime and we integrate the regular part of the deflec-
tion angle in 4, 5 and 7 dimension.1 Using by Eq. (2.9)
and
z ≡ 1−
(r0
r
)n
, (4.4)
1 As below, we obey the convention of the analysis in the strong
field limit but the definitions of some symbols such as z are dif-
ferent from the definitions by Bozza [49].
we rewrite G(r, b) and I(b) into
G(z, r0) =
1
r20
{
1−
(
rg
r0
)n
+(1− z) 2n
[
−1 +
(
rg
r0
)n
(1− z)
]}
(4.5)
and
I(r0) =
∫ 1
0
R(z)f(z, r0)dz, (4.6)
respectively, where
R(z) ≡ 2
n
(1− z) 1n−1 (4.7)
and
f(z, r0) ≡ 1√
r20G(z, r0)
=
1√
1−
(
rg
r0
)n
+ (1− z) 2n
[
−1 +
(
rg
r0
)n
(1 − z)
] .
(4.8)
We expand r20G(z, r0) near z = 0 and obtain
r20G(z, r0) = γ(r0)z + β(r0)z
2 + · · · , (4.9)
where
γ(r0) ≡ 1
n
[
2− (n+ 2)
(
rg
r0
)n]
(4.10)
β(r0) ≡ 1
n2
[
n− 2 + (n+ 2)
(
rg
r0
)n]
. (4.11)
Near the photon sphere r0 = rm, γ(r0) and β(r0) are
expanded as
γ(r0) =
2
rm
(r0 − rm) +O
(
(r0 − rm)2
)
(4.12)
and
β(r0) =
1
n
− 2
nrm
(r0 − rm) +O
(
(r0 − rm)2
)
.(4.13)
We will divide I(r0) into the divergent part ID(r0) and
the regular part IR(r0) as
I(r0) = ID(r0) + IR(r0). (4.14)
The divergent part ID(r0) is defined as
ID(r0) ≡
∫ 1
0
R(0)f0(z, r0)dz, (4.15)
where
f0(z, r0) ≡ 1√
γ(r0)z + β(r0)z2
. (4.16)
5By a straightforward calculation, the divergent part
ID(r0) is obtained as
ID(r0)
=
2
n
√
β(r0)
log
∣∣∣∣∣γ(r0) + 2β(r0) + 2
√
(γ(r0) + β(r0))β(r0)
γ(r0)
∣∣∣∣∣
=
4
n
√
β(r0)
log
(√
β(r0) +
√
γ(r0) + β(r0)√
γ(r0)
)
. (4.17)
Therefore, the divergent part ID(r0) is expressed by
ID(r0) = − 2√
n
log
(
r0
rm
− 1
)
+
2√
n
log
2
n
+O(r0 − rm).
(4.18)
We will rewrite the divergent part ID(r0) into a func-
tion ID(b) with respect to the impact parameter b since
the lens equation is usually written as an equation in
terms of the impact parameter b or the image angle θ.
From the relation between the impact parameter b and
the closest distance r0 (2.9), we can regard the impact
parameter b(r0) as a function of the closest distance r0.
Using by Eq. (2.9), we expand the impact parameter b(r0)
in a series near r0 = rm to get
b(r0) = bc +
1
2
(
n+ 2
n
) 3
2 n
rm
(r0 − rm)2
+O
(
(r0 − rm)3
)
. (4.19)
From Eqs. (2.8), (2.11) and (4.19), we obtain
log
(
r0
rm
− 1
)
=
1
2
log
(
b
bc
− 1
)
+
1
2
log
(
2
n+ 2
)
+O(r0 − rm). (4.20)
Hence, the divergent part is rewritten as
ID(b) = − 1√
n
log
(
b
bc
− 1
)
+
1√
n
log
2(n+ 2)
n2
+O
(
(b− bc) 12
)
. (4.21)
The regular part IR(r0) is defined as
IR(r0) ≡
∫ 1
0
g(z, r0)dz, (4.22)
where
g(z, r0) ≡ R(z)f(z, r0)−R(0)f0(z, r0). (4.23)
We expand IR(r0) in powers of (r0−rm) and express it as
a function IR(b) with respect to b in the following form:
IR(r0) =
∞∑
l=0
1
l!
(r0 − rm)l
∫ 1
0
∂lg
∂rl0
∣∣∣∣
r0=rm
dz
=
2
n
∫ 1
0

 √n+ 2(1− z) 1n−1√
n− (1− z) 2n (n+ 2z)
−
√
n
z

 dz
+O(r0 − rm)
= 2
√
n+ 2
∫ 1
0
dy√
n− (n+ 2)y2 + 2yn+2
−2
√
n
n
∫ 1
0
dz
z
+O
(
(b− bc) 12
)
= IR(b), (4.24)
where we have used y ≡ (1 − z) 1n .
Thus, the deflection angle α(b) in the strong field limit
is obtained as
α(b) = ID(b) + IR(b)− pi
= − 1√
n
log
(
b
bc
− 1
)
+
1√
n
log
2(n+ 2)
n2
+IR(b)− pi + O
(
(b− bc) 12
)
. (4.25)
Hence, we get the parameters a¯ = 1√
n
and b¯ =
1√
n
log 2(n+2)n2 + IR(b)− pi.
We can analytically calculate the regular parts IR(b)
for n = 1, 2 and 4 since the elliptic functions I(b) for
n = 1, 2 and 4 are integrable [40].
A. n = 1
We consider the case for n = 1. In this case, the critical
impact parameter and the radius of the photon sphere
are given by bc =
3
√
3rg
2 and rm =
3rg
2 , respectively. The
divergent part and the regular part of the deflection angle
are obtained as
ID(b) = − log
(
b
bc
− 1
)
+ log 6 + O
(
(b− bc) 12
)
(4.26)
and
IR(b) = 2
∫ 1
0

 1
z
√
1− 23z
− 1
z

 dz +O ((b − bc) 12)
= 2 log
[
6
(
2−
√
3
)]
+O
(
(b − bc) 12
)
, (4.27)
respectively. Thus, the deflection angle α(b) is obtained
as
α(b) = ID(b) + IR(b)− pi
= − log
(
b
bc
− 1
)
+ log
[
216
(
7− 4
√
3
)]
−pi +O
(
(b− bc) 12
)
. (4.28)
6Therefore, we get the parameters a¯ = 1 and b¯ =
log
[
216
(
7− 4√3)] − pi ≃ −0.40. It recovers the de-
flection angle of the light in the Schwarzschild spacetime
in the strong field limit which was obtained by Bozza [49].
B. n = 2
For n = 2, the critical impact parameter and the ra-
dius of the photon sphere are bc = 2rg and rm =
√
2rg,
respectively. The divergent part and the regular part of
the deflection angle are obtained as
ID(b) = − 1√
2
log
(
b
bc
− 1
)
+
1√
2
log 2
+O
(
(b− bc) 12
)
. (4.29)
and
IR(b) =
∫ 1
0
( √
2
z
√
1− z −
√
2
z
)
dz +O
(
(b− bc) 12
)
= 2
√
2 log 2 +O
(
(b− bc) 12
)
, (4.30)
respectively. Thus, the deflection angle α(b) is obtained
as
α(b) = − 1√
2
log
(
b
bc
− 1
)
+
5
√
2
2
log 2− pi
+O
(
(b− bc) 12
)
. (4.31)
In this case, the parameters are obtained as a¯ = 1√
2
and
b¯ = 5
√
2
2 log 2− pi ∼ −0.69.
C. n = 4
For n = 4, the critical impact parameter and the radius
of the photon sphere are given by bc =
(
27
4
) 1
4 rg and
rm = 3
1
4 rg, respectively. The divergent part and the
regular part of the deflection angle are obtained as
ID(b) = −1
2
log
(
b
bc
− 1
)
+
1
2
log
3
4
+O
(
(b − bc) 12
)
(4.32)
and
IR(b) = 2
√
3
∫ 1
0
dy√
2− 3y2 + y6 −
∫ 1
0
dz
z
+O
(
(b − bc) 12
)
= log 12 +O
(
(b − bc) 12
)
, (4.33)
respectively. The deflection angle is obtained as
α(b) = −1
2
log
(
b
bc
− 1
)
+ log 6
√
3− pi +O
(
(b − bc) 12
)
(4.34)
and hence we get the parameter a¯ = 12 and b¯ = log 6
√
3−
pi ∼ −0.80.
In Fig. 1, we have plotted the deflection angles for n =
1, 2 and 4 to verify the accuracy of the approximations
in the weak and strong gravitational fields. We can see
that the approximation error in the weak field depends
on the value of n.
V. GRAVITATIONAL LENSING
A. Lens equation
We consider the lens configuration which is shown by
Fig. 2. The light ray which is emitted by the source S
bends near the lensing object L. The observerO does not
see the source S with the source angle φ but the image
I with the image angle θ. For simplicity, we assume that
both the observer O and the source S are far from the
lensing object L or Dl ≫ b and Dls ≫ b, where Dl and
Dls are the angular diameter distances [1] between O
and L and between L and S. We also assume the thin
lens approximation that the light ray bends on the lens
plane. The impact parameter b is described by b = Dlθ.
Under the assumptions, the effective deflection angle α¯,
the source angle φ and the image angle θ are small or
|α¯| ≪ 1, |φ| ≪ 1 and |θ| ≪ 1. The effective deflection
angle α¯ is defined by
α¯ ≡ (α mod 2pi). (5.1)
The deflection angle α is expressed by
α = α¯+ 2piN, (5.2)
where N is a non-negative integer which denotes the
winding number of the light ray.
Then, the lens equation is given by [33]
Dlsα¯ = Ds(θ − φ), (5.3)
where Ds is the angular diameter distance between the
observer O and the source S and satisfies the relation
Ds = Dl + Dls. In the case N = 0, the lens equation
becomes the standard one [1] because of α¯ = α. Note
that there might exist small correction terms depending
on formulations of the lens equation (e.g. [54]). If the
source angle φ = 0, ring-shaped images which are called
the Einstein ring with the angle θ0 for N = 0 and the
relativistic Einstein ring with the angle θN≥1 for N ≥ 1
appear from the symmetry. From N = 0, φ = 0 and
Eqs. (3.9), (4.3), (5.2) and (5.3), the Einstein ring angle
is obtained as
θ0 ∼
(
Hn+2
Dls
Ds
) 1
n+1
(
rg
Dl
) n
n+1
. (5.4)
The behaviors of the Tangherlini lens model in the
weak field approximation have been known already be-
cause it is included in an exotic lens model or a general
spherical lens model [34, 42–44]. Here, we refer only to
7FIG. 1. Bending angle of light. Top panel (n=1), middle
(n=2), and bottom (n=4). The horizontal axis denotes b in
the unit of rg. The solid curve, +, and × correspond to
numerical calculations, the strong-field limit, and the weak-
field approximation, respectively.
the image angles and the magnification in the directly
aligned limit (|φ| ≪ θ0 ≪ 1). Under the weak approx-
imation, the lens equation has two solutions θ0+ and
θ0− regardless of the source angle φ for n ≥ 1. For
|φ| ≪ θ0 ≪ 1, the image angles θ0± and the magnifi-
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FIG. 2. The configuration of the gravitational lensing. The
light ray emitted by the source object S bends on the lens
plane. The observer O does not see the source S with the
source angle φ but the image I with the image angle θ. α¯ is
the effective deflection angle and b is the impact parameter
of the light. Dl and Dls are the angular diameter distances
between the observer O and the lens object L and between
the lens object L and the source object S, respectively. The
angular diameter distance between the observer O and the
source S is given by Ds = Dl +Dls.
cation µ0± are obtained as [34, 42]
θ0± = ±θ0 + φ
1 + n
± nφ
2
2(1 + n)2θ0
+O
(
φ3
θ20
)
(5.5)
and
µ0± ∼ 1
1 + n
φ± θ0
φ
, (5.6)
respectively. The total magnification µ0 in the directly
aligned limit is obtained as
µ0 ≡ |µ0+|+ |µ0−| = 2
1 + n
θ0
φ
. (5.7)
Here, we assume that light rays (as electromagnetic
waves) travel only on our four-dimensional slice in
Tangherlini solution. Therefore, light rays that travel
through the additional dimensions are ignored in the cal-
culation of the magnification.
The relativistic Einstein rings or the relativistic im-
ages always appear on the region just outside the photon
8sphere. The angle of the innermost relativistic Einstein
ring is obtained as
θ∞ =
bc
Dl
=
(
1 +
2
n
) 1
2 (
1 +
n
2
) 1
n rg
Dl
. (5.8)
The relation between the Einstein ring angle θ0, the rela-
tivistic Einstein ring angle θ∞ and the relativistic image
angle θN≥1(φ) is obtained as
θN≥1(φ) ∼ θ∞
∼
√
n+ 2
n
(
n+ 2
2Hn+2
Ds
Dls
) 1
n
θ
n+1
n
0 . (5.9)
B. Magnifications and angles of the relativistic
images
We will investigate the magnifications µN≥1 and the
angles θN≥1 of the relativistic images [49, 57] in the
Tangherlini spacetime. We use the deflection angle α(θ)
(4.2) in this subsection.
For the winding number N ≥ 1, we define an angle
θ0N≥1 as
α(θ0N≥1) = 2piN. (5.10)
From Eqs. (4.2) and (5.10), we obtain
θ0N≥1 =
bc
Dl
[
1 + e(b¯−2piN)
√
n
]
. (5.11)
We expand the deflection angle α(θ) around θ = θ0N≥1 to
obtain the effective deflection angle α¯. We define a small
angle
∆θN≥1 ≡ θN≥1(φ) − θ0N≥1, (5.12)
where θN≥1(φ) is the solution of the lens equation (5.3)
for a winding number N ≥ 1, namely the relativistic
image angle. From Eqs. (4.2) and (5.11), the effective
deflection angle in the strong field limit is obtained as
α¯ = −Dl
bc
e
√
n(−b¯+2piN)
√
n
∆θN≥1. (5.13)
We substitute the effective deflection angle (5.13) into
the lens equation (5.3) and we obtain
φ = θ0N≥1 +
[
1 +
Dl
bc
Dls
Ds
e
√
n(−b¯+2piN)
√
n
]
∆θN≥1.
(5.14)
From Eqs. (5.12) and (5.14), the relativistic image angle
θN≥1(φ) is obtained as
θN≥1(φ) ≃ θ0N≥1 +
bc
Dl
Ds
Dls
√
ne
√
n(b¯−2piN) (φ− θ0N≥1) ,
(5.15)
where we have used bc/Dl ≪ 1. Equation (5.15) is valid
for the relativistic images not only on the same side
of the source but also on the opposite side. The rela-
tivistic image angle on the opposite side is obtained as
θN≥1(−φ) [49, 54]. From Eqs. (5.11) and (5.15), the
innermost relativistic image angle is obtained as
θ∞ = θ0∞ =
bc
Dl
. (5.16)
From Eqs. (5.11), (5.15) and (5.16), the difference of
the angles between the outermost relativistic image and
innermost one is given by
θ1 − θ∞ ≃ θ01 − θ∞ = θ∞e
√
n(b¯−2pi). (5.17)
The magnification µN≥1 of the relativistic image is ob-
tained as
µN≥1 ≃ θN≥1
φ
dθN≥1
dφ
∣∣∣∣
θN≥1=θ
0
N≥1
≃ 1
φ
b2c
D2l
Ds
Dls
√
ne
√
n(b¯−2piN). (5.18)
The sum of the magnifications of all the relativistic im-
ages on one side of the source is given by
∞∑
N=1
µN ≃ µ1 ≃ 1
φ
b2c
D2l
Ds
Dls
√
ne
√
n(b¯−2pi)
≃ 2
H
2
n
n+2
√
nφ
[
(n+ 2)Ds
2Dls
] 2
n
+1
θ
2n+2
n
0 e
√
n(b¯−2pi).
(5.19)
In the directly aligned limit, the ratio of the total magnifi-
cation of the weak field images to the total magnification
of all the relativistic images on both sides is obtained as
µ0
2
∑∞
N=1 |µN |
≃ µ0
2 |µ1|
≃ H
2
n
n+2
√
n
2(n+ 1)
[
2Dls
(n+ 2)Dsθ0
] 2
n
+1
e
√
n(2pi−b¯).
(5.20)
This shows that the relativistic images are always fainter
than images in the weak field.
The total magnification of all the relativistic images on
one side of the source can become larger than 0.01 when
the source angle is
|φ| < 200
H
2
n
n+2
√
n
[
(n+ 2)Ds
2Dls
] 2
n
+1
θ
2n+2
n
0 e
√
n(b¯−2pi).(5.21)
On the other hand, the demagnification of the images
in the weak field could occur if 2θ0/(n + 1) < |φ| for
n > 1 [42]. The light curves calculated numerically have
gutters of maximally ∼ 4%, ∼ 10% and ∼ 60% for n = 2,
3 and 10, respectively, under the weak field approxima-
tion [37, 42]. These two regions for φ do not overlap
9because of θ
(2n+2)/2
0 ≪ θ0. Thus, the time-symmetric
demagnification of the light curve will appear even after
taking account of the images in the strong gravitational
field for n > 1.
Before closing this section, let us illustrate an order-
of-magnitude estimation of the Tangherlini lens effects.
Here, we assume a compact lens object which has a solar-
mass-size photon sphere with Dl = Dls = 10 kpc and
rg = 3 km in our Galaxy. For n = 1, 2 and 4, the an-
gles of the Einstein ring θ0 are 3 × 10−9 rad, 5 × 10−12
rad and 3 × 10−14 rad, the angles of the innermost rel-
ativistic Einstein ring θ∞ are 3 × 10−17 rad, 2 × 10−17
rad and 2× 10−17 rad and the ratios of the total magni-
fication µ0/2
∑∞
N=1 |µN | in the directly aligned limit are
1 × 1027, 3 × 1025 and 8 × 1024, respectively. Thus, we
can neglect the relativistic images because they are too
faint regardless of n.
VI. SUMMARY
We discussed whether relativistic images by the strong
field can be neglected in general. It is likely that a space-
time geometry with 1/rn fall-off in the weak field is not
unique but has many variants. The Tangherlini solution
is one of the simplest models for our purpose. For recent
investigations of exotic gravitational lenses, therefore, it
would be of physical interest to examine Tangherlini lens
both in the weak field and in the strong one.
We calculated the divergent part of the deflection an-
gle for arbitrary n and the regular part for n = 1, 2 and
4 in the strong field limit, the deflection angle for arbi-
trary n under the weak gravitational approximation and
the relation between the size of the Einstein ring and
the ones of the relativistic Einstein rings for arbitrary n.
We showed that the relativistic images are always fainter
than the images in the weak gravitational field.
We conclude that the images in the strong gravita-
tional field have little effect on the total light curve and
that the time-symmetric demagnification [37, 42] of the
light curve will appear even after taking account of the
images in the strong gravitational field for n > 1.
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